The two-loop mechanism of Bjorken and Weinberg is used to constrain flavor changing neutral Higgs bosons. We calculate the complete set of two-loop diagrams for the rare decay µ → e+γ induced by such neutral Higgs bosons, for arbitrary Higgs and top masses. The analytic result is used to set limits on Higgs masses for some recent models with specific ansatz about the flavor changing couplings. For example, in the Cheng-Sher scenario of multi-Higgs doublet models, all neutral Higgs bosons possess flavor changing (f i ↔ f j ) couplings proportional to √ m i m j . We find that the present limit on µ → eγ implies that, in such scheme, these neutral Higgs bosons should be heavier than 200 GeV.
I. INTRODUCTION
In most theories beyond the Standard Model, neutral Higgs boson couplings are typically flavor changing unless special arrangements, such as imposing discrete symmetries, are made to eliminate them. The mass of such Higgs bosons can be estimated from its potential contribution to the K L − K S mass difference, ∆m K . If one assumes that the flavor changing sdH vertex has the same Yukawa coupling as that of the heaviest quark of the same type, that is, the b-quark in this case, then ∆m K implies that the Higgs mass should be at least 150 TeV [1] . This value is much larger than the electroweak symmetry breaking scale and immediately poses two potential problems: (1) the existence of an unnatural hierarchy in scale; (2) the Higgs sector would be strongly coupled and predictive power is lost.
To avoid such pitfalls, two options are often exercised. The first is to impose some discrete symmetry to achieve what is called "natural flavor conservation (NFC)" [2] , that is, to avoid tree level flavor changing neutral currents or couplings (FCNC). This is easily done by requiring that only one Higgs boson vacuum expectation value (VEV) contributes to each type of fermion mass [3] . The second is to use some scheme such that tree level flavor changing neutral Higgs couplings Y ij are naturally suppressed in low energy processes.
The latter has received revived attention in the literature recently [4, 5] , in part because it may have interesting consequences at high energies, such as the decay [6] of the top quark into the charm quark and a light neutral Higgs boson.
For example, motivated by the Fritzsch ansatz [7] of mass-mixing relations, Cheng and Sher pointed out [4] that low energy FCNC constraints may in fact be evaded in multiHiggs doublet models without invoking the NFC condition. Let the contribution of the k-th Higgs doublet to the fermion mass matrix be M (k) ij , it is not unreasonable to assume that M (k) ij = X (k) ij √ m i m j for every k, where X (k) ij is of order unity. Upon diagonalization, the fermion mass and mixing patterns can be roughly accounted for, but in general, neutral In this paper, we give a careful analysis of the effect of these flavor changing neutral Higgs bosons on the µ → eγ process up to the two-loop level. We parametrize our calculation in a way that is as model independent as possible so that our result can be applicable to any models with flavor changing neutral Higgs bosons. Our one-loop result differs from previous calculation [8] . Our two-loop study not only improves on previous rough estimates [9, 10] , but also uncovers some interesting characteristics that were overlooked before. In particular, the two-loop contribution can be larger than the one-loop result, as argued some time ago by Bjorken and Weinberg, and the heavy-Higgs-boson effect is not decoupled. with its own parameters.
II. BJORKEN-WEINBERG MECHANISM
One flavor changing mode of particular interest is the celebrated µ → eγ mode. The existing limit, at 4.9 × 10 −11 [11] , is one of the most impressive. It cannot occur at tree level, and it involves lepton number violation. In the Cheng-Sher scenario, the leading one-loop contribution has the neutral scalar and the τ in the loop, with the photon radiated from the internal τ line. The usual µ-µ-e sequence is much more suppressed. The τ contribution ( Fig. 1) to the 1-loop branching fraction of µ → eγ is . Also, our result is quite different from previous estimates [8, 9] . Assuming lightest scalar dominance, we have
which implies that, if one takes ∆ 
W , Barr estimated the branching fraction from the two-loop effect to be
Note that there is M 
III. COMPLETE TWO-LOOP RESULTS
The diagrams needed for the calculation of the transition dipole moment in our case are analogous to those for the electric dipole moments of quarks [14] and electrons [12, 15, 16] .
The most detailed depiction of these graphs can be found in Ref. [16] , where one of the external electrons should be replaced by a muon. from experience with the analysis of electric dipole moments in Refs. [12, [14] [15] [16] , one expects set B to dominate over set A also.
Set C involves graphs that have a different topological structure. They can be further divided into two gauge invariant groups C I and C II . They correspond to graphs without or with a Z boson line as in Figs. 3, 4 of Ref. [16] , respectively. Again, the second group is small compared to the first due to the small Z coupling. Numerical results of Ref. [16] indicate that, for the case of edm, the contribution of set C is in general much smaller than sets A and B. This conclusion should also be applicable to the transition dipole moment.
We shall consider sets A and B first. For flavor changing leptonic processes, the internal gauge boson line can be either the photon or Z boson. However, if one is interested in flavor changing processes involving light quarks, a similar graph with both gauge bosons replaced by gluons (i.e. Hgg rather than Hγγ or HγZ) can also be important.
The calculational strategy is to first calculate the one-loop effective vertex with one gauge boson, one photon and a neutral Higgs boson in the external lines. This has been done many times before [17] , and a recent calculation can be found in Ref. [18] . pseudoscalar amplitudes Higgs-gluon-gluon vertices Higgs boson are assumed to be on shell in Ref. [18] , it is easy to extract the result with off-shell Higgs boson as long as one can tell which factor of Higgs mass comes from the loop momentum and which one is due to the vertex. The result of Ref. [18] is consistent with the recent calculation of electron edm [16] , where the Higgs boson was kept explicitly off-shell, but only Hγγ contribution was given.
Here we shall concentrate on leptonic FCNC. In that case the graphs with internal Z boson are suppressed relative to the ones with internal photon line by a factor of (1 − 4 sin 2 θ W )/4 sin 2 θ W , which is about 0.087 for sin 2 θ W = 0.23. Therefore one could ignore these contributions even though they can be easily incorporated into the analysis.
We shall parametrize the relevant couplings as
Here v = ( √ 2G F ) To simplify long expressions, we define the reduced amplitude A, which is dimensionless, for the transition µ → eγ(ǫ, k) as follows:
and the branching fraction is
Note that CP conservation will require Im (A L A * R ) = 0. For set A with the top-quark loop, the Hγγ or HγZ vertices already contain one power of external photon momentum.
Therefore, we can set the virtual photon momentum and the Higgs boson momentum to be equal and the two-loop result can be easily produced. The Hγγ contribution gives
where z ta = m 
The pseudoscalar coupling Im ∆ a tt is associated with
We have closely followed the notations of Ref. [15] .
If CP is invariant, the a'th Higgs boson, when it couples to the top quark, is either a scalar (Im ∆ For the Z-mediated diagrams,
Heref (x, y) = yf (x)/(y − x) + xf (y)/(x − y) and similarlyg(x, y) = yg(x)/(y − x) + xg(y)/(x − y). We have also extended the previous definition to denote z tZ = m
that, in this Bjorken-Weinberg mechanism, there is only one power of light quark mass suppression [9] , which has been explicitly written out in Eq. (7).
To derive the contribution of the bosonic loops, we shall classify the graphs into two gauge invariant types. The first type does not depend on Higgs mass in their couplings while the second set does. As a result, the first set is power suppressed by the Higgs mass while the second set is logarithmically increasing when the Higgs mass becomes very large, which is a very intriguing situation. For Higgs mass larger than a certain value the second type dominates. We shall only present the combined contribution of the two types. 
which basically reflects the fact that the scalar doublets that mediate flavor violation must have zero vacuum expectation value at tree level. One important consequence is that, for the graphs in set B, terms that are independent of Higgs mass are cancelled away.
For the Hγγ case, one obtains the two-loop amplitude
with
Ha . The function h(z) is defined as
It is straightforward to see that It is useful to know the shapes of these functions f , g and h. Numerically, f (1) is about 0.8, while g (1) is about 1.2. The general z dependence of these functions are given in Fig. 3 .
Unless z is very small or very large, these functions are of order unity. For very large or very small z [12, 14, 15] ,
ln z + 13 18 , g(z ≫ 1)
For the large z asymptotic forms, we obtain Eq.(4) in the light-Higgs limit from Eq. (14) .
It is tempting to use also Eq. (14) to find the heavy-Higgs z ≪ 1 limit, which will produce the estimate Eq. (5) given in ref. [10] . However, this estimate clearly overlooks other nondecoupling contributions in Fig. 2c ,d that we will discuss.
For the HZγ case, one has
with z Z = M The contribution from Fig. 2c,d gives
and
Note that f ( The contribution of the two-loop graphs in set C can be easily translated from the calculation of Ref. [16] . The result is
where the functions D 
e (z). Note that the terms with functions D (3a,b,c,d ,e) e (z H ) belong to the group C I , while the rest belong to the second group C II . As commented earlier the second group is suppressed relative to the first group. The reason one can easily translate the calculation of edm from these graphs into contributions to the transitional magnetic moment is because the Higgs line is always attached to one of the external fermion lines, and because the Higgs boson only has scalar couplings to gauge bosons at tree level. Therefore, in the case of edm the Higgs coupling to fermions is always pseudoscalar, while its coupling for transitional magnetic moment is always scalar.
Just as the calculation of edm in Ref. [16] , the contribution of the graphs in set C to the transitional magnetic moment is also small. We therefore do not include them in our numerical analysis.
IV. DISCUSSION AND CONCLUSION
In our numerical analysis, we shall ignore CP violation and take ∆ a tt to be real. We also assume that ∆ (2) In set B, the contribution from Eqs. (18, 19) that gives rise to the non-decoupling behavior has a different sign compared to the other part from Eqs. (14, 17) . At a low Higgs mass below 200 GeV, the non-decoupling contribution are small. This is the region where Barr's estimate applies [10] . However, around 600 GeV a perfect cancellation occurs as shown in the solid That is, cos φ may be very small. In that case the top quark contribution dominates at twoloop and is still larger than the one-loop result. Conversely, there are some other models in which the Higgs boson that couples to leptons is different from the one that couples to uptype quarks. In that case, the parameter ∆ tt would be zero and the top-loop contribution should be ignored. As pointed out in Ref. [6] , it is in fact easy to avoid constraints from K, B and µ systems completely, by assuming NFC for down-type quarks and for charged leptons. Although the ansatz may seem a bit artificial, it does, however, permit tantalizing phenomenological consequences for the top quark [6] , despite the depressed µ → eγ transitions.
To conclude, we have derived the result for the two-loop contribution of flavor changing neutral Higgs bosons to the celebrated rare decay µ → eγ, for arbitrary Higgs and top masses. This is one of the rare situations in which higher order contributions actually dominate over lower order ones. The numerical consequences depend, of course, on the model. For the generic case in the scheme of Cheng and Sher [4] , the result shown in Fig. 4 improves the one-loop bound by more than a factor of two. The curious behavior of non-decoupling of very heavy Higgs boson effects at two-loop is emphasized.
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